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Abst rac t - -By  introducing a new concept called "set-valued topological contraction" intopological 
spaces, the existence and uniqueness ofendpoints for both set-valued and single-valued topological 
contractions have been established. 
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1. INTRODUCTION 
In this note, we introduce a new concept called set-valued topological contraction, then existence 
and uniqueness of endpoints for a set-valued contraction are proved. Our result could be viewed 
as the extension of the ideas shown by Bessaga [1], Janos [2], and Meyers [3] from a metric space 
to a topological space for set-valued mappings instead of single-valued mappings. 
Let X be a nonempty set. We shall denote by 2 z the family of all nonempty subsets of X. 
Suppose f : X --~ 2 x is a set-valued mapping, then a point x0 c X is said to be an endpoint of f 
if x0 is a fixed point of f and f(xo) = {x0}. We shall denote by N the set of all natural numbers 
throughout this note. 
DEFINITION 1. Let X be a topological space. Then f : X --~ 2 x is said to be a (set-valued) topo- 
logical contraction if  f is upper semicontinuous with closed values such that for each nonempty 
Nosed subset A of X with f (A)  = A, A is a singleton set, i.e., A is an endpoint o f f .  
REMARK 1. If X is a bounded metric space (i.e., the diameter $(X) of X is finite) and f is a 
single-valued Banach contraction, then clearly f is a single-valued topological contraction. 
2. SET-VALUED TOPOLOGICAL  CONTRACTIONS 
In this section, we shall study the existence and uniqueness of endpoints for both set-valued 
topological contractions. We first have the following theorem. 
THEOREM 1. Let X be a compact Hausdorff topological space and f : X -~ 2 x be a (set-valued) 
topological contraction with closed values. Then f has a unique endpoint Xo E X such that 
{x0} = ~n°°= 0 fn (x ) ,  where fn(x) :  = f ( fn - l (x ) )  [or each n E N and f ° (X)  :=- X .  
PROOF. We shall first prove the existence of the endpoint for f. Let 5 r be the family of all 
nonempty closed subsets F of X such that f (F )  C F. Clearly, 9 v is nonempty as X C 5 r. 
Partially order ~ partially by inclusion. Let C be a chain in ~'. Then M := NFeC F is a lower 
bound of C as f (M)  C M,  M is a closed set in X and M ~ 0 by the finite intersection property. 
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By Zorn's lemma, there is a minimal element U C ~. Now we claim that f (U) = U. If not, 
then S := f(U) is a proper subset of U. Clearly, S = f(U) C U. As f is upper semicontinuous 
with compact values, S is nonempty compact subset of X so that S is also closed. Hence, 
f (S)  c f(U) = S, which contradicts the minimality of U. Therefore, f(U) -- U. Since f is a set- 
valued topological contraction, we must have U = (x0} for some point x0 E X and f(xo) = x0; 
i.e., xo is an endpoint of f .  Let S be the set of all endpoints of f .  Then, f (S)  = S and S is a 
closed set by the upper semi-continuity of f.  Hence, S = (x0} as f is a set-valued topological 
contraction. 
For each n c N, let An := fn (X)  and A0 := X. Then the sequence Ao := X,  A1 := f (X ) ,  . . . ,  
An :-- fn(X) ,  . . .  is compact and decreasing by virtue of f (X )  c X and the fact that f is upper 
semicontinuous with closed values. Therefore, S -- Nn~__0 An ~ 0. Now we claim that f (S)  -- S, 
i.e., f(N~°°__ 0 fn (x ) )  = Nn~=O f~(X).  On the one hand, it is clear that f (S)  c S. We shall now 
prove the converse. Take any x E S and Bn := f - l (x )  A An for each n • N, where Bo := X and 
f - l (x )  := {y • X : x • f(y)}. Then, Bn ¢ 0. Indeed, since z • A,~°°__0 A~ C f '~+l(x) ,  there 
exists z • An such that x • f(z),  so that z • f - l (x)NA,~.  Since f is upper semicontinuous with 
closed values, the graphs of f is closed [4, Theorem 7.3.8]. Hence, f - l (x )  is closed in X and B,~ is 
compact due to the compactness ofX. Therefore, the decreasing sequence {Bn}n°°=o has nonempty 
intersection, i.e., Nn~°=o B~ ~ 0. Take any z • Nn°°_0 Bn, i.e., z • f - l (x )  N (Nn°°=o An), so that 
x • f (z)  C f(Nn°~=o Bn). Therefore, S C f(5') and we have f (S)  = S, that is, f(Nn=0~ fn (x ) )  = 
Nn~=o fn(X) .  Note that f is a set-valued topological contraction; we must have S = {x0} which 
is the unique endpoint of f .  | 
In fact, the first part of the proof in Theorem 1 shows the existence of endpoints for f by 
using Zorn's lemma, and the second part of the proof in Theorem 1 also shows that we can prove 
the existence of endpoints for f without Zorn's lemma. Moreover, by observing the proof in 
Theorem 1, we have the following noncompact version. 
COROLLARY 2. Let X be a Hausdorff topological space and f : X --+ 2 x be a set-valued 
topological contraction with closed values. Suppose there exists no • N such that fn°(X)  is 
compact. Then f has a unique endpoint Xo • X and in fact, {x0} = Nn°°_-no fn (x ) ,  where 
fn (x )  := f ( fn - l (X ) )  for each n • 1%1 and f ° (X)  := X. 
PROOF. By the assumption, there exists no • N such that fn° (x )  is compact. It is clear that 
f(~°=no fn(X) )  C Nn~=no fn(X) .  On the other hand, note that fn°(X)  is compact, following 
the second part of the proof in Theorem 1, we also have f(Nn°°=no fn(X) )  D ~n°°=no fn (x ) .  
f oo co Hence, (~n=no fn (x ) )  = ~,~=no f'~(X). Since f is a topological contraction, there exists a 
unique endpoint xo • fn° (x )  such that {x0} = ~n°°__no fn(X) .  | 
By the proof of Theorem 1, we have the following corollary. 
COROLLARY 3. Let X be a Hausdorffcompact topological space and f~ : X --* 2 X be a set-valued 
topological contraction for i = 1,.. .  ,m. Then F : X --* 2 z be a set-valued mapping defined 
by F(x) = uim=l f i (x) .  Then for each nonempty subset S of X with S = F(S), S contains all 
unique endpoints of fi, where i = 1 , . . . ,  m. 
PROOF. Note that fi is a set-valued topological contraction, so that f~ is upper semicontinuous 
with compact values for i = 1 , . . . ,  m. Then F : X --* 2 X is also upper semicontinuous with com- 
pact values [4, Theorem 7.3.8]. Let S be any nonempty closed subset of X with S = F(S). Then, 
f i(S) c S for i = 1 , . . . ,m.  Let S~ := Nn~=o fn(S),  where f ° (S ) := S,f~(S) :--- f i (S ) , . . . , f~  := 
f~( f~- l ( s ) ) , . . . ,  for n = 2 . . . . .  Since S is compact, by the proof above, we have fi(Si) = Si, so 
that Si is a singleton, set, i.e., Si = {x/}, which is the unique endpoint of fi for i = 1 , . . . ,  m. 
Note that S~ c S, so that {xi : i = 1 . . . . .  m} C S. The conclusion follows. | 
Corollary 3 shows that the finite union of topological contractions in general is not a set-valued 
topological contraction. 
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As an application of Theorem 1, if the topological contraction f is single-valued with nonempty 
values, we have the following. 
COROLLARY 4. Let  X be a Hausdorff  topological compact space and f : X -~ X be a single- 
valued topological contraction. Then there is a unique fixed point xo E X .  Furthermore, for each 
x E X, the iteration fn (x )  converges to the unique fixed point xo o f f ,  i.e., limn~c¢ f '~(x) = xo. 
PROOF. By Theorem 1, there exists x0 E X such that A~__0 f~(X)  = {x0} and x0 is a fixed 
point of f .  Since {fn(X)}~= o is a decreasing sequence of nonempty compact sets, for each 
x E X ,  f '~(x) --* xo as n -~ co (in fact, f~(x)  --~ xo as n --~ co uniformly in x E X, that is, 
fn (x )  -~ {Xo)). I 
REMARK 2. In a metric setting, Meyers [3] proved that if (X, p) is a compact metric space and 
f is, in fact, a Banach contraction under an equivalent metric. On the other hand, Bessaga [1] 
proved that if f maps an abstract set X into itself and such that each iteration fn, where 
n : 1, 2 , . . . ,  has a unique fixed point in X, then, for each A E (0, 1), there is a metric p~ such that 
(X, p~) is a complete metric space and f is a Banach contraction with the contraction constant )~. 
Our Theorem 1 shows that one can obtain convergence of iterations for singled-valued topological 
contractions in compact opological spaces and N,~__l fn (X)  is the unique endpoint of f whenever 
f is set-valued or singled-valued. Therefore, our result is an extension of corresponding results in 
[1-3] from a metric space to a topological space for set-valued mappings instead of single-valued 
mappings. For other study of the convergence of the iterations of (single-valued) contractions in 
metric spaces, we refer the reader to [5]. 
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